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Let unn≥0 be sequence defined recursively un+1 = un + un−1 + un−2 + un−3

4
, n ≥ 3.

Determine lim
n→∞ un.

As a variant.

Let unn≥0 be sequence defined recursively

un+1 = un + un−1 + un−2 + un−3

4
, n ≥ 3

Prove that lim
n→∞ un = 4u3 + 3u2 + 2u1 + u0

10

Solution.

We will find a, b, c and d such that un+1 + aun + bun−1 + cun−2 = d, n ≥ 2.

We have un+1 + aun + bun−1 + cun−2 − un + aun−1 + bun−2 + cun−3 = 0 
un+1 + a − 1un + b − aun−1 + c − bun−2 − cun−3 = 0.Comparing this recurrence with

original we obtain that a − 1 = b − a = c − b = −c = − 1
4
 c = 1

4
, b = 1

2
, a = 3

4
and,

therefore, d = u3 + au2 + bu1 + cu0 = 4u3 + 3u2 + 2u1 + u0

4
.

Thus, un+1 + 3
4

un + 2
4

un−1 + 1
4

un−2 = 4u3 + 3u2 + 2u1 + u0

4
, n ≥ 2.

Let tn := un − δ where δ can be determined by claim:

tn+1 + 3
4

tn + 2
4

tn−1 + 1
4

tn−2 = 0  δ + 3
4
δ + 2

4
δ + 1

4
δ = d  5

2
δ = d  δ = 2d

5
δ = 4u3 + 3u2 + 2u1 + u0

10
⋅.

Thus, un = 4u3 + 3u2 + 2u1 + u0

10
+ tn, n ∈ ℕ ∪ 0,where tn satisfy

(1) tn+1 + 3
4

tn + 2
4

tn−1 + 1
4

tn−2 = 0, n ≥ 2.

Let Px := x3 + 3
4

x2 + 1
2

x + 1
4

. Note that Px is strictly increasing in ℝ. Indeed,

P′x = 3x2 + 3
2

x + 1
2

= 3 x + 1
4

2 + 5
16

> 0 for all real x.

Since P−1 < 0 and P − 1
4

> 0 then Px has a unique real root x1 ∈ −1,− 1
4

and, therefore, Px = x − x1x2 + px + q  x3 + 3
4

x2 + 1
2

x + 1
4

=
x3 + p − x1x2 + q − px1x − qx1 yield p = x1 + 3

4
∈ − 1

4
, 1

2
and q = − 1

4x1

∈ 0, 1.
Note that discriminant of quadratic trinomial x2 + px + q is negative, that is p2 < 4q

( in particular it’s yield x1
2 + px1 + q > 0).

Indeed,

p2 − 4q = x1 + 3
4

2 − 4 ⋅ − 1
4x1

= x1 + 3
4

2 + 1
x1

< x1 + 3
4

2 − 1 < 1
4
− 1.

Coming back to recurrence (1) we can rewrite it by two different way, namely, we have

tn+2 + 3
4

tn+1 + 1
2

tn + 1
4

tn−1 = tn+2 + p − x1tn+1 + q − px1tn − qx1tn−1 =
tn+2 + ptn+1 + qtn − x1tn+1 + ptn + qtn−1 = tn+2 − x1tn+1 + ptn+1 − x1tn + qtn − x1tn−1.
Since tn+2 + ptn+1 + qtn = x1tn+1 + ptn + qtn−1 then tn+1 + txn + qtn−1 = x1

n−1t2 + pt1 + qt0
and, therefore, αn := tn+1 + ptn + qtn−1 is infinitely small, that is lim

n→∞ αn = 0 (because



|x1 | < 1)

Since tn+2 − x1tn+1 + ptn+1 − x1tn + qtn − x1tn−1 = 0 and 0 < q < 1, 4q > p2 then

accordingly to Lemma∗ sequence βn := tn+1 − x1tn infinitely small as well.

Indeed, let γn = βn

q
n then βn+2 + pβn+1 + qβn = 0  γn+2 − 2 ⋅ p−2 q

γn+1 + γn = 0.

Since
p

2 q
< 1 then γn is bounded and, therefore, lim

n→∞βn = lim
n→∞ q

nγn = 0.

Thus, we have tn+1 + ptn + qtn−1 = αn, tn+1 − x1tn = βn.

Hence, p + x1tn + qtn−1 = αn − βn and tn − x1tn−1 = βn−1 give us

x1αn − βn + qβn−1 = x1p + x1tn + qtn−1 + qtn − x1tn−1 x1
2 + px1 + qtn = x1αn − βn + qβn−1  tn = x1αn − βn + qβn−1

x1
2 + px1 + q

and, therefore,

lim
n→∞ tn = 1

x1
2 + px1 + q

lim
n→∞x1αn − βn + qβn−1 = 0.

Hence, lim
n→∞ un = lim

n→∞tn + δ = δ = 4u3 + 3u2 + 2u1 + u0

10
.

*Lemma.

Any sequence xnn≥0
such that xn+1 − 2rxn + xn−1 = 0, n ∈ ℕ and 0 < |r| < 1, is bounded.

Proof.

First we will find xnn≥0
in supposition |xn | ≤ 1, n ∈ ℕ ∪ 0. Let ϕ := cos−1r and

xn can be represented as xn = cosϕn, for some ϕn.Then we obtain

(1) cosϕn+1 − 2 cosϕ ⋅ cosϕn + cosϕn−1 = 0  cosϕn+1 − cosϕn + ϕ =
cosϕn − ϕ − cosϕn−1.

Claim ϕn+1 = ϕn + ϕ, n ∈ ℕ ∪ 0  ϕn = nϕ + ϕ0, n ∈ ℕ ∪ 0 give us the sequencecosnϕ + ϕ0n≥0
which satisfy (1) and, therefore, sequence xnn≥0

= A cosnϕ + ϕ0n≥0

satisfy (1) as well for any given ϕ0, A.For any sequence xnn≥0
we can determine

A and ϕ0

by claim A cosϕ0 = x0, A cosϕ + ϕ0 = x1. If x0 = 0 then ϕ0 = π
2

and A = x1

cos ϕ + π
2

;

if x0 ≠ 0 then
cosϕ + ϕ0

cosϕ0
= x1

x0
 cosϕ − sinϕ ⋅ tanϕ0 = x1

x0
 ϕ0 = tan−1 cotϕ − x1

x0 sinϕ
and then A = x0

cosϕ0
.

Thus, we have two sequences xnn≥0
and xn both satisfy xn+1 − 2rxn + xn−1 = 0, n ∈ ℕ

and x0 = x0, x1 = x1 and, therefore, by math Induction we obtain xn = xn, n ∈ ℕ ∪ 0.

So, |xn | ≤ A, n ∈ ℕ ∪ 0.■


